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Abstract: In this study, numerical solution of linear delay Volterra integro-differential equations is presented.
In the solution, Galerkin’s method with Chabyshev polynomials is used. Numerical results are given to illustrate

the efficiency and accuracy of the proposed method.
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INTRODUCTION

Volterra delay-integro-differential equations arise
widely in scientific fields such as biology, ecology,
medicine and physics (Bocharov and Rihan, 2000,
Brunner and Houwen, 1986; Jerri, 1999). This class of
equations plays an important role in modeling diverse
problems of engineering and natural science and hence
has come to mtrigue researchers in numerical computation
and analysis. In this study, we consider the followimng
Volterra delay-integro-differential equation:

Y =(x)= f(x)+jk(x, t) y(t-0)dt (1)

Where:

fandk = Assumed to be sufficiently smooth with
respect to their arguments

T = A positive number

v = The unknown function to be determined

Hawary and Shami (2013) propose a numerical
technique which 1s based on a mixed of exotic Cl-spline
collocation method (Hawary and Shami, 2012) and
El-Gendi method (Hawary and Mahmoud, 2003) to
solve Volterra delay-integro-differential equations.
Rihan et al. (2009) presented a new techmique for
numerical treatments of Volterra delay integro-differential
equations that have many applications in biclogical and
physical sciences. The technique is based on the
mono-implicit Runge-Kutta method described by
Rehan et al. (2009a) for treating the differential part and
the collocation method using Boole’s quadrature rule for
treating the integral part. Liu et al. (201 5) concentrated on
the differential transform method to solve some delay
differential equations based on the method of steps for

dilay differential equations and using the computer
algebra system Mathematica. Abazarn and Kilicman
(2014) applied the differential transform method to
solve the nonlinear integro-differential equation with
proportional delays. Tunc (2016) considered a certain
non-linear Volterra integro-differential equations with
delay. He studied stability and boundedness of
solutions.

MATERIALS AND METHODS

Method of solution: The Chebyshev polynomials of the
first kind 1s defined as (Burden and Faires, 2011):

T,(x) = cos (icos ™ (x))
which is equivalent to the recurrence relation:
T, (x)=1
T(x)=x

T(x) = 2xT,(x)-T,(x),n 22

Rewriting the Eq. 1 in the operator form as:

LIy ()] = f(x) 2)
Where:
LIy(x)] = y'()-[kx, y) y(t-n) dt 3

Approximating the unknown function y(x) by y,(x):

$.0= ¥ T “)

1=0
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where, ¢, and T,i=0,n are the unknown coefficients

and Chebyshev polynomials, respectively. Substituting, .[T () L[T,(0)Jdx .[T () f(x)dx. i, j=0,n

Eq. 4 mto 2 yields: (13)
Solving the above system for the coefficients
LIy, (x)] = f(x) () ¢,i=0,n and substituting into Eqg. 4, we obtain the
Where: approximate solution of Eq. 1.
RESULTS AND DISCUSSION

Lly, 00l = ¥ e T kix, y) 3o T t-0dt

Numerical results: Let us consider the following

n % equation:
=Y {T;(x)- [k pTana  © o
i . y(x) = 177+J.X1:2 y{t-1dt (14)
- YeL[Te] °
e which has the following exact solution:
From Eq. 5 and 6 we have: y(E)=x+1 (15)

2 o L[T,(0] = £0x) (7) Comparing, Bq. 14 with 1, we find that:
i=10
5
k(x, ) = xt?, f(x) = 1—X} (16)
To get the best unknown coefficients c.i=o0,n, we 4

minimize the residual term: _
First, we calculate:

E(x) = L[y(x)]-f(x) (8 .
[Teofdxi=0.1
that means we chose the unknown coefficients to satisfy . :
the relation:
f . T % 5 % 5 5 | 6
ImJE(X)dX:O,JZO,H (9) J'TD(S) 1-&2 dS:‘[lfs_ ds=|s- 2| =x -2
a ) 4 W 24 |, 24
(7
where, w, (x) is called weighted functions which is defined X 5 . I 2 I K i
as: IT(S) 1-—|ds I s——|ds=| ——2—| =2
Iy (%) ! 4 2 28 X 2 28
o,(x) = =2 = =T (x) (10) as)

! Second, we calculate:

Substituting, Eq. 8 into 9 yields: %
_[Tj(x)L[Ti(x)] dx,i,j=0,1

TT][L[yn(X)]-f(X)]dx =0 (11)  as:
a X i __X Q9
!(PU(S)L [¢,(s)]ds = ”st dtds v
From Eq. 4 and 11, we obtain:
T i ®(8) Lo, (3)]d ([st? (t-1) dtds = RS
J'TJ(X){ZCiL[Ti(X)]-f(X)}dx—0 (12) I H 24 15
: Y (20)
Icm(s)L gu))ds = [[5t dras =X D)

which is equivalent to the following system:

104



Res. J. Applied Sci., 13 (2): 103-105, 2018

2

[ t2ct-1ydtds = x
/ 2

7 6
X

18
(22)

Substituting, Eq. 17-22 into 13, we obtain the
following system:

28

X
j %) L@ )]ds ===

:.t_,m

% % x°
7CDE+CI *£+E :X*E
(23)
x° x! x' xf x! X
—¢—t¢| ———t— |=———
18 2 28 18 2 28

which has the following solution:
¢, =1l c =1

Substituting, Eq. 24 mto Eq. 4 for 2 n = 2 yields, the
approximate solution of Eq. 14:

y(x)=1+x

which is identical to the exact solution.
CONCLUSION

The linear delay Volterra integro-differential
equations is solved mumerically by Galerkin’s method with
Chabyshev polynomials. Numerical results show that our
method 1s very effective and efficient. Moreover, our
proposed method provides exact solution for some
problems.
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