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Abstract: Let G =(V, E) be a graph. A totally irregular total k-labeling £ VUJE-{1, 2, ..., k} of a graph (G is a total
labeling such that for any different vertices x and v of G, their weights wt. (x) and wt. (y) are distinct and for any
different edges x,x, and y,y, of G, their weights wt. (x,%,) and wt (y,y,) are distinct. The weight wt (x) of a vertex

x 18 the sum of the label of x and the labels of all edges incident with x. The weight wt. (xx;) of an edge xx; 1s
the sum of the label of edge x, x, and the labels of vertices x, and x,. The minimum k for which a graph G has a
totally irregular total k-labeling is called the total wregularity strength of G, denoted by ts(G). In this study, we
determine the total irregularity strength of M-copy cycles and M-copy paths.
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INTRODUCTION

A labeling of a graph is a function that carries graph
elements to the numbers, usually to the positive or
non-negative integers that satisfies certain requirements.
The most common choices of domain are the set of all
vertices (vertex labeling), the set of all edges (edge
labeling) or the set of all vertices and edges (total
labeling). Other domain are possible.

Baca et al. (2007) mtroduced two kinds of nregular
total labelings, namely, vertex wrregular total labeling and
edge irregular total labeling. Let G = (V, E) be a graph. A
vertex irregular total k-labeling £ VUE-{1, 2,3, ., k! of G
is a total labeling such that for any two different vertices
x and y of G, their weights wt (x) and wt (y) are distinct,
where the weight wt (x) of a vertex x 1s the sum of the label
of x and the labels of all the edges incident with x. The
mirimum k for which a graph G has a vertex uregular total
k-labeling is called the total vertex irregularity strength of
G, denoted by tvs(G). An edge uregular total k-labeling f:
VUE-{1, 2, ..., k} of G is a total labeling such that for any
two different edges xx, and y,y, of G, their weights wt. (x,
x,) and wt. (y, y,) are distinct where the weight wt. (xx;) of
an edge x X, is the sum of the label of x x; and the labels of

the vertices x, and x,, The mimmum k for which a
graph G has an edge irregular total k-labeling is called
the total edge irregularity strength of G, denoted by
tes(G).

Baca et al. (2007) obtained lower bound and upper
bound of total vertex irregularity strength of a graph G
such as the following theorem.

MATERIALS AND METHODS

Theorem 1.1; Baca ef al. (2007 Let G be a
graph (p, q) with mimmum degree & and maximum
degree A, then:

+
{pﬂ <tvs(G) < p+A-28+1
A+

Total vertex uregularity strength of t-copy of path has
been determined by Nurdin et al. (2009) such as the
following theorem.

Theorem 1.2; Nurdin et al. (2009): Let graph tP, be
t-copy of path with n vertices where t>2, then:
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t, forn=1;
tvs(tP )=4t+1,  for2<n<3;

t+1
(n?’w, fornz=4

Baca et al. (2007) also, determined lower bound and
upper bound of total edge uregularity strength of a graph
G as stated in the following theorem.

Theorem 1.3; Baca et al. (2007): Let G =(V, E)bea graph
with the set of vertices V and the non empty set of
Edges E:

(%W <tes(G ) <|E|

In 2012, combination of the both labelings, namely
totally 1imregular total k-labeling has introduced by
Marzuki ef al. (2013). Let G = (V, E) be a graph. A totally
irregular total k-labeling £ VIUE-{1, 2, .., k} of G is a total
labeling such that for any two different vertices x and y of
G, the weights wt. (x) and wt. (y) are distinct and for any
two different edges x,x, and y,y; of G, the weights wt. (x;
x,) and wt. (y,y,) are distinct. The minimum k for which a
graph G has a totally irregular total k-labeling is called the
total irregularity strength of G, denoted by ts (G).

Theorem 1.4; Marzuki ef al. (2013): For every graph G,
we have maxftes(G), tus(Gg<ts(G). After that,
Ramdani et al. (2015a, b) also, observed about the total
uregularity strength of M-copy of stars by Ramdam (2014)
total irregularity strength of three families of graph by and
total wrregularity strength of regular graph. Two theorems
which have resulted by Ramdani ef al. (2015) are:

Theorem 1.5; Ramdani ef al. (20154, b): Let P, be a path
with 2 vertices. Then, ts(mP,) =m+1 formz=1.

Theorem 1.6; Ramdani et al. (2015 a, b): Let Cn be a
cycle of order n. For n=3 and n = (Omod3), ts(mC,) =
[mn+2/3].

RESULTS AND DISCUSSION

Graph mP; is a graph which is obtained by copying
graph P, as much as m times in which the set of vertices
of each copy are disjoint. Let the ith copy results of graph
Pyis v, 1, 1u, 2,4, 2, 3where e, j = v, ; v, +1 for 1<izm
and 1 <j<3. The following theorem will be discussed about
total mregularity strength of graph mP,, for positive
mteger m with m>2.
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Theorem 2.1: Let mP; be m-copy of path with three
vertices. For m>2, ts(mP,) = m+1.

Proof: Note that the number of edges of graph mP,
is [E (mP;)| = 2m. According to theorem (1.3), we have
tes (mP;)>[2m+2/3] While based on Theorem (1.1), we
get tus (mP;)>m+1.

According to theorem (1.4), we have ts(mP;)>max
{M2m+2/3] m+1. Because of m+1=[ 2m+2/3 |for every mez”
then ts(mP,)>m+1.

Next, we will prove that ts(mP;)<m+1 by showing that
there 18 a totally wregular total (m+1)-labeling on graph
mP; such as the following:

L
Mo, )= m,

m+1-i, for 1<i<m andj=3;

for I1<i=m andj=1;

for 1<i<m andj=2,

{i

m+1,

s for 1=i<m andj=1;

2e,)

for 1<i<m andj=2

Easy to check that the weights of vertices and edges
of graph mP; under labeling A are as follows:

Wt(e. .)_{m+1+i, forl<i<mandj=1,
t 3m+2-, forl1<i<m andj=2;

1+, for1<i<mandj=1,

W‘t(Ul_]): 2m+24, forl<i<mandj=2;
2m+24, forl<i<=mandj=3

Observe that 4 is a labeling from V(mP;)JE(mP;) into
{1, 2, .., m+1} such that no two vertices have the same
weight and no two edges have the same weight. So, A is
a totally irregular total (m+1)-labeling. We conclude that
ts(mP;)<m+1.

Let mC, 18 a graph which 1s obtained by copying
graph C, as much as m times m which the set of vertices
of each copy are disjoint. In the following theorem, we will
discuss about total irregularity strength of mC, form = 2,
Jand n=1 (mod3).

Theorem 2.2: T.et mC, be m-copy of cycle with n vertices,
then form =2, 3 and n = 1 (mod3), ts(mC,) = [mn+2/3]

Proof: The number of edges of graph mC, 1s [E(mC,)| = mn.
Based on Theorem (1.3), we have tes (mC,)>[mn+2/3]
Next, according to Theorem (1.1), we get tus
(mC,)z[mn+2/3] While based on Theorem (1.4), we have
ts(mC,)emax {tes(mC,), tus(mC)L. DBecause of tes
(mC=[mn+2/3and tus(mC,) =[mn+2/3 ] for everym = 2, 3
andn = 1 (mod3), then ts (mC,)=[mn+2/3].
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Next, we will prove that ts{mC,)>[mn+2/3] by
showing that there is a totally irregular total [mn+2/3]
labeling on graph mC,.

Let the set of vertices of graph mCn 1s; V(mC,) =
full<i<mn withm =2, 3and n=1 (mod3)} and the set of
edges of graph mCn is; E (mC,) = {u|l ci<mn withm = 2,
3 and n = 1 (mod3)}, construct a labeling f such as the
following:

i+
(%W, for1=1<2n-1

fo)=1(e)=

i+
(%w, forZn=<1<3n

Based on this labeling, we have the weights of
vertices and edges of graph mC, are as follows:

3

{ le Fﬂ for 2<i <1l
2515
2 fea]

fari1=1

fori=n

for1=ntl;

w3
fori=2n,
2+ fori1=2nt;

]

i+l

i

3

2
3
3nt3,

)

It

}, for1=2r2<1 <3,

far1=3n

The weights of vertices and edges of graph mC, for
m=2 3andn = 1 (mod3) are:

Fori =1, the weights of vertices and edges of graph
mC, are 3

For 2<i<n-1, the weights of vertices and edges of
graph mC, are consecutive integer from 4 until
[n/3Hn-1/3Hn+1/3]=n+l

Fori = n, the weights of vertices and edges of graph
mC, are 2 [n+1/3 Hn/3|=nt+2

For 1 = ntl, the weights of vertices and edges of
graph mC, are 2 [n+2/3 Hnt+3/37=nt+3

For nt2<i<2n-2, the weights of vertices and edges of
graph mCn are consecutive integer from
[0+3/3 B 0-2/3 H{n+4/3 |= n+duntil [ 20-1/3 H 2n/3 =
2n
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For i = 2n-1, the weights of vertices and
edges of graph mC, are [2n/3 H 2n-1/3 H 2n+2/3] =
2n+2

For 1= 2n, the weights of vertices and edges of graph
mCn are 2n+3

For 1 = 2n+l1, the weights of vertices and edges of
graph mC, are 2n+4

For 2nt2<i<3n-1, the weights of vertices and edges
of graph mC, are consecutive integer from 2
[2n+4/3 H 2n+5/37 = 205 until 3n+2

For i =3n, the weights of vertices and edges of graph
mC, are 3n+3

So, the weights of vertices and edges of graph mC,
form =2, 3andn = 1 (mod3) are consecutive integer from
3 until 2n and consecutive mteger from 2n+2 until
3n+3.

Observe that { is a labeling from V(mC)UE(mC,)
into {1, 2, .., [mn+2/3]} such that no two vertices
have the same weight and no two edges have the same
weight. So, f is a totally irregular total [mn+2/3]-labeling.
We conclude that ts(mC)<[mn+2/3] for m = 2, 3 and
n = 1 (mod3).

Let mC, is a graph which is obtained by copying
graph C, as much as m times in which the set of vertices
of each copy are disjomnt. Let the ith copy results of graph
C, 18 U,-3, e,-3.0,-2, e,-1.0,, €4 Uy-1, €,-2,0,-3 for 1<1<m.
The following theorem will be discussed about total
irregularity strength of graph mC, for positive integer m
withmz4.

Theorem 2.3: Let mC, be m-copy of cycle of order 4. For
mz4, ts(mC,) = [4m+2/3

Proof: According to Theorem (1.1), tus(mC,)<[4m+2/3]]
While based on Theorem (1.3), tus(mC,)<[4m+2/3] By
Theorem (1.4), we have tus(mC,)<[4m+27] Next, we will
prove that tus(mC,)<[4m+2] by showing there is a totally
irregular total [ 4m+2 FHabeling on mC, such as following:
Form =1 (mod3)and m = 2 (mod3):

i-i-T2 . fori=8(mod12};

? , fori=9(mod12);i=10(mod12},
A )=2e) = atau i = 0(mod12);

? , forizll(m0d12);

H?l , for others




For m= 0 (mod 3):
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[i+2 . .
13},fm1—80r1—20;

éﬂ , fori=9,10,120r

i=6(mod12)with iz 30,

e
g , fori=11;

i

i . fori=11{mod12)and i=11;
FiaT

% , fori = 2(mod12 )with i>26

or i=4(mod12)with i =28,
?W . fori=7(mod12)with i=31;

miy
133—‘ , forothers

By using this labeling, we get the weights of vertices

and edges such as follows: For m

m = 2 (mod3):

1 (mod 3) and

for i =9(mod12);

z(_H_l, fori = 1{med 12)or

i=5(mod12);

E}F'_ﬂ{iﬂ, fori =10{mod 12);

3 3

1+5

_Hl_zHﬂ fori=11{med 12);

3 3

3

() =vtfe) = [ 2L L2 i«

J

For m= 0 (mod3):

b2 1

il—‘.t,_(l—‘-}-lr%—‘,fori = Z(Inodlz),i =3

3
(med12),1 = 6{mod 12);

fori = 8{moad 12);

1—_1—‘4-(&1—‘, fori = 0(moed 12);

3 3

iﬂ}{ﬂ, for i = 4{mod 12)
3 3
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£

[i41]

3

o) i
3

B

[i41] {
+

{ﬁ 4

+21 +1,
3

———

1}, fori=9,
3

+ for i = 1(mod12) with =25,

>

fori=4, 1=41=16or
i=>5(mod12}withi=29,
fori=151317or
(i=9(mod12)andi#9);

] [iH

4 3}{3}1 for i = 6{ mod12) withi>30;

[i2] [i
— = |+2 fori=lo
Ee
H+ ﬂﬂ, fori=10{mod12)andi =10,
or i=11{mod12}andi =11,

for i=2{mod12)with i>26

>

= +H+1, fori =11,
3
fori=7ori=19,

i-2 | |i+2
IBHIJQ, fori = 7(mod 12) with =31,

2 +1,
3

for i=3(mod 12) with 27,

ori=8{mod 12)and i=32;
i i+2
RHIJ fori =2,3,6,14,15 or 18,

iy _
2 w2 +1 , fori=8or 20,
3 3
a7 Tie
2 2}-&-{&1}, fori=1z;
3 3
3 ;}; for i = 49(mod12) with i =28,
o T
2| 1_31—‘4{%—%]: fori= O(mod 12) andi=12

CONCLUSION

Observe that A is a labeling from V (mC,) UE (mC,)

into {1, 2, ..., [4m+2/37} such that no two vertices have the
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same weight and no two edges have the same weight. So,
A is a totally irregular total [4m+2/37-labeling. We
conclude that tus (mC,)<[4m+2/3].
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