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Abstract: A vertex irregular total k-labeling of a graph G (V, E) with a non-empty set V of vertices and
aset H of edges is a labeling A: VU E~{1,2, ., ki such that for every two distinct vertices have different weight.
The weight of a vertex v, under a total labeling A is the sum of label of vertex v and all labels of edges that
incident with v. In other word, wt (x) = A (x)+Z,A (ux). The total vertex irregularity strength, denoted by tvs(G)
is the minimum biggest label that use to label graph G with the vertex irregular total labeling. Some classes of
graphs have been obtained its total vertex irregularity strength. In this study, researcher observe about the total
vertex irregularity strength of comb product graph of P, and C,, denoted by TVs (P_»C,). The result of this
research is tvs(Pm»Cn) = [(n-1) m+2/3] for m=3 forand odd number m.
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INTRODUCTION

Let G =(V, E) is a simple graph. Graph labeling is a
function that carries graph elements to the numbers,
usually to the positive or non-negative integers that
satisfies a certain requirement. The most common choices
of domain are the set of all vertices (vertex labeling), the
set of all edges (edge labeling) or the set of all vertices
and edges (total labeling). Other domain are possible.

The labeling of graphs was introduced by Sedlacek in
1963. Based on the weight of the graph elements, the
labeling divided into several types, they are graceful
labeling, magic labeling, antimagic labeling and wregular
labeling, etc. Trregular labeling has been introduced by
Chartrand. But, their study titled “Trregular Network™ was
published in 1988.

Baca et al. (2007) introduced two kinds of irregular
total labeling, namely, vertex irregular total labeling and
edge wrregular total labeling. Let G = (V, E) be a graph,
function f: VUE-{1, 2,3, .. k} is called vertex irregular
total k-labeling in if every two different vertices in V have
different weight. The weight of vertex x in V under
function fis wt (x) = f (x)+2,,.f (xxy). The minimum k for
which a graph G has a the vertex irregular total k-labeling
1s called total vertex wregularity strength of G, denoted by
TVs(G). Baca et al. (2007) obtained lower bound and
upper bound of total vertex irregularity strength of a
graph G such as the following theorem.

Theorem 1: Let G be a graph (p, q) with mimmum
degree & and maximum degree A then (Baca et al., 2007):

p+8}<
S tvs(G) £ pH+A-28+1
{AH ©) P

MATERIALS AND METHODS

Determination of total vertex irregularity strength of
all of graphs has not done completely. Until now, only
several of class of graph have been determined its total
vertex irregularity strength. Baca et al. (2007) observed
about total vertex irregularity strength of cycles,
paths, stars, complete graphs and prism graphs. By
Baskoro et al. (2010) determined a new upper bound for
the total vertex wregularity strength of graphs and found
total vertex mregularity strength of forest. Nurdin also
investigated the total vertex irregularity strength of trees.
And then, Ahmad et al. (2011, 2012, 2014) obtained the
total vertex irregularity strength of wheel related graphs,
disjoint union of helm graphs and certain classes of
unicyclic graph By Al-Mushayt ef al. (2013) also
observed about total vertex wregularity strength of convex
polytope graphs.

Baca et al. (2007) and Anholcer et al. (2009, 2010)
obtained some results about the total vertex irregularity
strength and the total edge irregularity strength of cycles
and paths as stated in the following theorems.
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Theorem 2: Tet P, and C, be a path and a cycle,
respectively with n>1 vertices (Baca et al., 2007). Then:

tes(P, )= {H;W

and:

tes(C_ ) = (%W

Theorem 3: Tet P, be a path on n vertices.

Then:
n+1
tvs(Py=| —
=[]

Corollary 4: Let be an n-regular graph on n vertices
(Baca ef al., 2007). Then:

+
(EW <tvs(G) €n-r+l
1+r

Hence, we have:

tvs(C,) = tes(C,) = Flgz—‘

RESULTS AND DISCUSSION

We will determine total vertex irregularity strength of
comb product graph of P, and C, denoted by tvs(P »=C,)
for m>3 and n>2 such as the following theorem.

Theorem 3: For m>3 and n>2 then:
- +
tvs(P, > C ) = FHU%Z—‘

Proof : First, will be show tvs(P > C,)>[(n-1)m+2/3] Note
that the smallest degree of vertices of graph P_pC, 1s
2 and sum of vertices whose degree 2 m P, »C, 1s (n-1)m.
To get optimal labeling, the weight of each vertices whose
degree 2 are consecutive integer from 3, 4, 5, ..., (n-1)m+2.
While the weight of graph P_»C, whose degree 2 is the
sum of 3 positive integers which 13 called label, that 1s a
label of that vertex and two labels of edges which is
associated with that vertex. Therefore, we get the largest
minimum label which is used 1s [(n-1)m+2)3] and it
1sn’t possible to have been smaller than [(n-1)m+2/3]
So, we conclude that:

tvs(P. b C.) > Fﬂl)ﬁﬁﬂ
3

84

Next, we will prove that:

tys(P, > C, ) < Wﬂl)mw

3

By showing there exist a vertex irregular total
[(n-1)m+2/3Habeling of graph PrC, Let the set of
vertices of graph 1s:

V=(F, rC)={x.y1<jsmdanl<i<n-1}
And the set of edges of graph P> C, 1s:

E(F, > C=1{x,y |1fjfmandi=n-2,n-}
Iyv./l<i<ndand1<j<mlufyly)[1<j<mju

X%, 121 €] <m-23 w{x, X

Construct a vertex irregular total [ (n-1)m+2/3 }labeling
as stated m the following. Let:

rj—{(n_?ﬁz}unmkl<j<m

(m-Dm+j+d4- 2%“’2“‘”} (

{(n—l)jﬂ
3

(n-l)j+2w
3

—‘;if it is positive and 1< j<m-2

Lif m(n-1)+j+4_2((n-lngrﬂ'((n-l;jJrﬂ B

“1n+
{%W is monpositive and 1< j<m-2

M) = (n-l)muH
3

(n-l)m+3-{
( (n-1)m-n+2
3

(n-1)m-n+3 —‘ B
3

W;if j=m-1

(n-1)ym+2
e [0 2]

{(n-l)m+2 w
3

(n—l)erl—‘
3
Jif

>

=m

L,ifi=1land j=1

Ay = {2n—2+(j3—3)(n-1)

F+n+(}'—2)(n—1)

Wifi—landZSjSm

3

Wif2<i<n—land1<j<m
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My, %) _(QH_HG_ZXMW wily]) = MyDAYLYD+ Myl
n-2 -
: 3 _ i+n+q-2)(n-1)}F-%(nﬂ)+q-2)(n-1w+
3 3
My, %) = (w} i+(n+1)+(j—2)(n—l)w
3 3
_ _ _ _i+n+nj-j-2n+2w+(i-2+r1+1+nj-j-2n+2w+
My'y,,)= (H(HH)-F(]_Q)(H_IW for1<i<n-3and1<j<m 3 3
3 _ i+n+1+nj_j_2n+ﬂ
ALYy ) = [;nﬂy;)(n-lﬂ forl <j<m 3
[{-n+2+in-1 i-n+1+n-1 i-n+3+(n-1
o ol < [z [t fims )
MaX) =1 B Q’—l)(n-l)HHWJ{(j-l)(n—l)+i}{(j—l)(n—l)ﬁw
3 3 3
Based on this labeling, we have the weight of the for 1< i<m and 3<i <n-1
vertices of graph such as following; == T
wi(y)) = Ay Ay A YY) W) = M PG X Y™ X A X))
[ 20H(-2)0-1) _ i -
=1+ —‘+( —‘ -y O-Dm+2 | | (r-)mt] | | (n-D)m+2 .
] 3 3 3 3 3
1 n+2-n+1}(2n-2n+2w (- Dme2
3 3 —
s 3}(2} [0l 4m2)n-1) ] [ 20H(m-2)(n-1)
3003 3 + 3
=3
(el 4)_((n—1)3m+2—‘_((n—1;m+1—‘+(211-1+m(;1—1)-2n+2w+
wi(y{) = Ay )+A(FyD+A(yiv]) - q
_ _2n-2+(j-3)(n+1)—‘+(1+n+1+(j-2)(n-1)—‘+[2n+(j-3)(n-1)—‘ M
- 3 3 3 3
_ 72n_2+jn-j-3n+3%[MZHHTZMZL[2n+jn-j-3n+ﬂ gy (n-1)m+2 i (n-1Hm+1 N (n-1m+1 . (n-1)m+2
3 3 3 3 3 3 3
_ -n+l+j (n-1) -nt4+j(n-1) -n+3+j(n-1) =(n-1im+4
R T b e b o

’-(n-1)+j(n-1)1+ (-(n-1)+j(n-1)+3 % (-(n-l)ﬂ'(n-mﬂ

3 3 3

W A A2 MY T X, YT )

'(j-l)(n-l)}+ ((j-l)(n-mﬂ+ [G-I)m-l)ﬂ for 2< j<m

3 3 3 _ (n_l)m+3_{(n—l)3m+2—‘_((n—l)r3n-n+3w_{(n-l)r;l-n+2w+
wi(y3) = My3) Ay MYTy3) ((n-l)m+2w +{2n+(m—2)(n-l)w . PH—H (m—2)(n-1)w
_ | Z+n+j Q)(n-l)} {2+n+1+(j—2)(n—1)W+{2n+(j-3)(n—l)w 3 3 3

3 3 ~ e lmt 3_( (n-l)m_n+3H(n-l)m.mz}r
_ 2+n+]n j-2n+2 2+n+1+]n ]—2n+2 2n+jn+-2n+3 3 3
3 [ 2n+m(n—1)—3n+3—‘+( 2n—1+m(n—1)-3n+3—‘
_ _HHHJ(IHW (-nJrSﬂ(n 1)—‘ {—n+3+j(n—])—‘ 3 3
3 _ (n_l)m+3_{(n—1)m—n+3 W'( (n-1)m-n+2 w N
_[ - 1)+J(n-1)+3 . (n-1)+J (@-1)+4 | [ (n-DiHin-1)+2 3 3
3 _m(n-l)-n+3—‘+(m(n—l)—n+2—‘
(- 1)(1 1)+3 (n-l)(]-l)+4 (n-1)(j-13+2 3 3
B 3 * 3 = (n-1)m+3
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WE(X, ) =AX ) PAX, X ) FAX XD PAY, X )TAY, X))

—(n1m S 2((n—l)m+2w (n+lw ( w ((n Umﬂ
) i 3 3 |3 3

{(n-l)m+2 —‘ .
3

{2n+(—1)(n—1) +(2n-1+(-1)(n-1)w

LE R
L

= (n-1)m+5- (

= (n-1)m+5- {n

= (n-1)m+5

If (n-Dm=j +4-2((n'llm+2w-{(n'l)j +ﬂ-_(n'2j+ﬂ >Othen

3
WE(]) = A0 AR 3 )RR HDRAYS %)
(H_DmﬂH(n_Djﬂ‘Pn_l)jﬂ*

= (n-l)m+j+4-2 { 3 3 3
{(n—l)m+2—‘+
3
{(n—l)rrﬁz}{2n+(j—2)(n-1)—‘+(2n-1+(j-2)(n-1)—‘
3 3 3

= (n-Iym+ + 4_((H-1;j+2—‘_((n—13)j+1w+
Pm(n-l)j -2n+2} +Pn.u(n-uj amﬂ
3 3
= (n-1)1n+j+4-((n_1)j+ﬂ{(n'l)j+lW +((n-l)ﬁﬂ+
3 3 3
3

= (n-lm++4 for2 £ <m-2
While if (n—i)m+j+4_2( (n_llmﬂH(n-l)] +2W_

3
(%w < Othen :

wi(x, ) =A{x )+ A(x, X )+ AX X
)‘*(yn—zjxj)
1{(n—1)m+2—‘_{(n—l)erz—‘_{2n+(j—2)(n-l)—‘+
3 3 3
(2n-1+(j—2)(n-1)w
3
> n-1)m+j+4 for 2<j<m-2

ALY x )t

1+

Note that of function A is mapping from
IV(PrCouEP uC)} into {1, 2, .., [(n-1m+2/3}7] The
weight of the vertices of graph P_pC, which 1s
denoted by wt(y)) is consecutive positive integer from
3 until (n-1)m+2. While the weight of the vertices of graph
P.»>C, which is denoted by wt{x) is different positive
integers starting from (n-1)m+3. This shows that A is a
vertex wrregular total labeling. Therefore, we conclude that
TVs(P,rC <[(n-1ym+2/3)7].

CONCLUSION

In this study, we find that:

fom=>3andn=>2

tvs(P, b C,) = Fn'l);mﬂ
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