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Abstract: The estimates of the OLS estimator of the Classical Linear Regression Model are known to be
inconsistent when regressors are correlated with the error terms. However, this does not imply that inference
1s impossible. In this study, we compare the performances of the OLS and some Feasible GL S estimators when
stochastic regressors are correlated with the error terms through Monte Carlo studies at both low and hugh
replications. The performances of the estimators are compared using the following small sampling properties
of estimators at various levels of correlation: bias, absolute bias, variance and more importantly the mean
squared error of the model parameters. Results show that the OL S and GLS estimators considered in the study
are equally good mn estimating the model parameters when replication 1s low. However with mcreased
replication, the OLS estimator is most efficient even though the performances of all the estimators exhibit no
significant difference when the correlation between regressor and error terms tends to +1.
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INTRODUCTION

In the Classical Linear Regression Model (CT.RM),
regressors are not only assumed to be non-stochastic
but also uncorrelated with the error terms. The
assumption of non-stochastic regressors are not always
valid especially in economics and social sciences where
regresssors are not always assumed fixed in repeated
sampling but are generated by a stochastic mean beyond
control (Fomby et al., 1984). Many authors including
Neter and Wasserman (1974), Chartterjee et al. (2000)
and Maddala (2002) emphasized that in practice the
uncorrelated assumption of regressor with error terms may
not always be satisfied especially in econometric where
variables are often measured with errors. Errors in the
dependent variable pose no problem in that the errors are
added to the model random error component. However
when they are noted to be present in the regressors, they
cause the regressors to be correlated with the error terms
(Neter and Wasserman, 1974; Maddala, 2002).

The Ordinary Least Square (OLS) estimator of the
CLRM 15 still unbiased with stochastic regressors
provided the regressors and the error terms are

independent. Also, the variance of the OLS estunator and
the test of significance are valid if only they are viewed as
conditional in the values of regressors. Furthermore, if the
dependent varable and the regressors are assumed to be
jointly distributed, all the test statistics are not only valid
but the results are also identical to the OLS estimator
(Formby et al, 1984, Neter and Wasserman, 1974;
Maddala, 2002).

The Ordinary Least Square (OLS) estimator 3 of

given as
é:(X‘X)"X‘Y (L
and its variance-covariance matrix given as
v(é}_oz(xlx)‘ (2)

When regessors and ermror terms are correlated,
the estimates of the OLS estimator are known to be
biased and lack property of consistency. Maddala (2002)
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emphasized that the fact that consistent estimates of the
parameters can not be obtained does not imply no
mnference is possible. Also, he did not only point out that
one can obtain expressions for the direction of biases and
consistent bound for the parameter, but also that
sometimes we can use some extra information available in
the dynamics of the equations or the structure of other
equations in the model to get consistent estimates of the
parameters.

When the homoescedastic assumption (i.e., E(UU" =
o’l,) of the CLRM is violated, the resulting model the
Squares (GLS) Model with
heteroscedastic error variance (ie, E(UU") = ¢’Q).
Aitken (1935) has shown that the GLS estimator f of p

Generalized Least

glven as

B (xo'x) xQlY (3)

1s efficient among the class of linear unbiased estimators
of B with variance-covariance matrix of f§given as

i

where € in Eq. 3 and 4 is usually unknown. Tt is

n

BJ = (X'x) (4)

often estimated by ( to have what 15 known as Feasible
GLS estimator. Fomby ef al. (15984) pointed out that many
consistent estimate of £ can be obtained.

When the error terms of the GLS Model are
autocorrelated and follow Autoregressive of order one
(AR (1)), some of the Feasible GLS estimators available in
literatures are the Cochrane and Orcutt (1949),
Hildreth and Lu (1960), Paris and Winsten (1954),
Thornton (1982), Durbin (1960), Theil’s (1971), the
maximum likelihood estimator and the maximum likelihood
gnid estimator (Beach and Mackinnon, 1978). Some of
these estimators have now been incorporated into
White's SHAZAM program (White, 1978) and the new
version of the time series processor (TSP, 2005).
However, all of these estimators are known to be
asymptotically equivalent but the question on which is to
be preferred in small samples is the worry of researchers
(Fomby et al., 1984).

Assuming no autocorrelation of the error terms, we
therefore examine and compare the performances of some
of these Feasible GLS estimators with that of the OLS
estimator when stochastic regressor is correlated with the
error terms.
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MATERIALS AND METHODS

Consider the CLRM with stochastic regressors of the
form

&)

Ve =B +Bx, +B.x, te
where x, is said to have p correlation with |p|<1

Le, x, =gle.p) t=12..n g, ~N(0,6°L,)

As emphasized before, the OLS method can be used
to estimate the parameters of the model.

Equation 5 can equivalently be written as a GLS
model with AR (1) of the form

(6)

¥ =By +Bx, +Bx, +u

where u, =pu, +z, ‘pl‘<1, t=1,2,..n

and x, 1s said to have p correlation with e|p|<1 by setting
P =0
Now, suppose W ~N Mi,gig i=12. If these

variables are correlated, then W, and W, can be generated
with the equations

W, =+ 0,z
(7)
W, =W, +p0,7, + 0,7,4/1-p°
where 7, ~N(0,1) i=12 and |p|<l is the

value of the correlation between the two variables. This is
proved m Appendix 1.

Monte Carlo experiments were therefore performed
for n = 20, a small sample size representative of many time
series study (Park and Mitchell, 1980) with four
Replication (R) levels (R =10, 40, 80, 120) and nine various
levels of correlation between regressor and error terms
(p=-099,-0.75, -0.5,... 0.99). At a particular choice of
p and R (a scenario), each replication was first by
obtained generating e, ~ N(0,1) . Next, x,, ~N(0,1} was
generated such that it had p correlation with e, ~ N(0,1)
X, ~N(01) was then
generated. The values of y, n Eq. (5) were also calculated
by setting the true regression coefficients as
B,=B,=B,=1. This process continued until all

replications in this scenario were obtained Another
scenario then started until all the scenarios were
completed.

The performances of the OLS estimator with
the following feasible GLS estimators: Cochrane Orcutt

already generated using (7).
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(CORC), Hildreth-Lu (HILU), Maximum Likelihood (ML)
and the Maximum TLikelihood Grid (MI.GD) estimators
were examined and compared under Eq. 5. Evaluation
and comparison of estimators were examimed using the
following finite sampling properties of estimators: Bias
(B), Absolute Bias (AB), Variance (Var) and the more
mnportantly the Mean Squared Error (MSE) of the
estimated parameter of the model. Mathematically, for any
estimator f, of B; of (5)

T
AB[ }‘%;’i B}B, (10}
Var{éi]—;g[édéj an

MSE[élJ—%i(éuBl}z —Var[éi}{]?{élﬂ (12)
for1=0,1,2andj=1,2,....R.

A computer program was written using TSP software
for each of the five methods of estimations to estimate the
model parameters and evaluate the performances of the
estimators based on the criteria. The four replication
levels were further grouped mto low (R = 10, 40) and ugh
(R = 40, 80) and the effect of correlation between
stochastic regressor and the error terms on the methods
(estimators) were examined via the analysis of variance of
the criteria of each of the model parameters in the two
replication groups. This was accomplished by performing
the LSD test of the estinated marginal mean of the criteria
whose interaction effect is significant. At a particular level
of correlation, the estimated marginal mean that is most
preferred was compared with others. An estimator 1s most
preferred at particular level of correlation if its estimated
marginal mean is the smallest

APPENDIX 1:

Theorem: Suppose WINN(M”GIZ) i=12. If these

variables are correlated, then W, and W, can be generated
with the equations
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W, =i, +067
(@

W, =W, +p0,27 + 0,2, 1-p°

where Z, ~N(0.1) i=1L2 and |p|<l isthe value of
the correlation between the two variables.

In order to prove this theorem, we use this lemma.
Lemma: A matrix A is positive defimite if and only if
there exist a non singular matrix F such that A
=FF'. A (real) symmetric matrix A of rank r is
semi definite if and only if their exist a matrix F

of rank r such that A = FF' (Neil, 1975).

This lemma indicates the existence of a matrix F such
that A = FF'. To determine a matrix F, we use the Cholesky
factorization procedure available in Forsythe (1951).
Suppose a matrix product may be defined as

A=TT =¥t 1 (i)
i=l
so that
A-Ytt =0 (iii)
i=l
then, the Cholesky or square root factorization

procedure constructs t in a systematic manner until (iii)

1s obtained.

Proof:
Z

Suppose . _{Zt}NNZ(O;I)

- 2t

1
Then W - {“l } siz, (iv)
- K,

Where - Gz

Wl "’Nz

2
2

)=)=l7

Hence from (iv), we need to seek for le . This, we do

]

by applying the lemma and the Cholesky factorization
procedure since it 1 obvious that

1 11

¥ =332 =TT! A

Using the Cholesky factorization and noting that
G2 =P1:0,6;
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2 1
2 i
Oun G a;
1
| &) Ir,
t = :_[51 512}*[51 p1202]
a, o]}
2
o o, p,,0.0
L 1 _ 1 12512
t1t1|: } [51 p1252] = z 2
P, P0G, PO,

0 0 B
Thus, A:z‘ftf[: = 2 2y |7 11
0 oi(1-pf)| |b
Similarly,
1 b12 1 2 2 2
t = :72[0 Gz(lfplz):|:|: 0 02\117912}
by, Gyl —Py
0 0 0
tth = [0 01/1—p2:|:
2o i pfj N o i (1-p1)
Thus,
1 0 0 0 0
B=A-t,t, = - =
o G;(l—pfz) 0 Gé(]—pfz)
This has satisfied the Cholesky factorization
procedure in (iii
Therefore,

G, 0

S
} L‘jmcz Gz\} 1 7p122

|

plZGZ

cFl
{O 02,/17[3122

tl

2

1 1
]
CHECK: It 1s expected that TT'=%2%? =%

|

5, 0 P12,

S
_pIZGZ Gz\ﬂ*p?z }{ 0 Gz\f17952

plZGIGZ
79120102 plzzﬁi + Gé (1 _p122 )
Consequently, T = 2% and hence {(1v) becomes

s
u,

TT' =

o}

2
C51 G1 2

2
Gz}

1

7012

1
:|+ZZZ;

Fo
+
plZGZ

=

(vi)
0

Gz\ﬂ Py

]
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Thus, it follows that if w MN(MHGIZ) i=12. If

these variables are correlated, then W, and W, can be
generated with the equations

s

W =W +06,7
(vii)
W, =W, + PG,z +0,Z,41—p’
wherez _N(0,1) i=L2 and |p[<1 1 the

value of the correlation between the two variables.
RESULTS AND DISCUSSION

The summary of our findings (via ANOVA) on the
performances of the estumators as they are affected by
correlation between regressor and error terms in all the
criteria of each of the model parameters under the two
replication groups is given in Table 1.

From Table 1, it is observed that the error sum of
square and hence the mean square error (if estimated)
with replications. Thus, the
performances of the estimators umprove with increased
replication.

reduces increased

>

At the low replication group, the performances
of the estimators mn estimating the model parameters
in all the criteria are not affected by correlation
and terms  since their

between regressor

interaction effects are not significant (p-value >0.05)

cITor

even though some of the main effects are significant
(p-value <0.05).

Based on variance and mean squared error criteria
under the high replication group, the performances of the
estimators in estimating the parameters of the model are
affected by the cormrelation except mn estimating [under
the mean squared error criterion where the interaction
effect 1s not significant (p-value >0.05). In estimating P,
under the absolute bias criterion, the mnteraction effect 1s
significant (p-value <0.05).

The estimated marginal means of parameters based
on criteria whose interaction effects are significant are
showed 1n Appendix 2. From Appendix 2, it 1s observed
that the estimated marginal means of the significant
interaction effect decrease as |p| increases. The OLS
estimator 1 the most efficient estimator in estimating all
the parameters of the model in all the levels of the
correlation. However, on the basis of variance and the
mean squared error, it is observed that when |p|-1 all the
estimators are equally n estimating all model parameters.
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Table 1: Summary of the ANOVA TABLE showing the sum of squares of the model parameters based on the criteria in the two replication groups
Type I Sum of squares

Replication
Parameter group Source d.f Bias Absolute bias Variance Mean squared error
0 Low R 8 1.10E-03 0317 % 4. 278E-02 % 4. 334E-02%#

M 4 5.61E-04 T.175E-03%* 1.570E-03 1.599E-(3%*
R*M 32 3.54E-03 3.98E-03 1.22E-03 1.22E-03
Error 45 2.84E-02 9.78E-03 2.99E-03 2.80E-03
Total 89 3.36E-02 0.332 4.86E-02 4.90E-02

High R 8 5.286E-03 % 0.280%* 3.244E-02%* 3.303E-02%*
M 4 1.70E-04 1.119E-03## 2. 519E-04 ** 2.606E-04##
R¥*M 32 1.87E-04 4.71E-04 1.197E-04* 1.194E-(ef
Error 45 2.19E-03 T.86E-04 811E-05 5.91E-05
Total 89 7.84E-03 0.283 3.29E-02 3.35E-02

Low R 8 39,353 T 127k 6.312E-02%* 9.897
M 4 8.32E-03 2.24E-03 5.340E-03 *# 9.12E-03
R*M 32 1.46E-02 1.12E-02 3.74E-03 1.06E-02
Error 45 4.38E-02 3.01E-02 3.81E-03 4.28E-02
Total 89 3942 T.170 T.60E-02 9959

High R 8 36,6654 6.986%* 3.6608E-02%* 0.688%*
M 4 1.52B-04 9. 879E-04** 1.69TE-03 ## 2.069E-03#*
R¥*M 32 1.27E-03 1.80E-03 T ISTE-D4 2.01E-03
Error 45 3.18E-03 1.65E-03 3.18E-4 2.75E-03
Total 89 36.67 6.990 3.95E-02 9.694

Low R 8 4. 361 E-02#* 0.182% 2.34TE-02%* 2.684E-02%#
M 4 4.157E-03%* 1.42E-02 5424E-03 % 5.287E-03**
R*M 32 1.24E-02 5.33E-03 3.08E-03 3.27E-03
Error 45 1.45E-02 6.82E-02 7.81E-03 8.71E-03
Total 89 TA7E-02 0.270 3.98E-02 4.41E-02

High R 8 338302 0.364%* 4.693E-02** 5.103E-02%*
M 4 3.68E-04 4.200E-03%* 1.76 TE-03 *# 1.624E-03%**
R¥*M 32 1.69E-03 1.094E-03*%* 6.285E-04 #* 5.851E-(**
Error 45 2.62E-03 2.08E-04 1.05E-04 8.51E-05
Total 89 3.85E-02 0.370 4.94E-02 5.33E-02

* =Computed F value is significant at ¢ = 0.05. ** =Computed F value is significant at @ = 0.01. p = R = Correlation between regressor and error terms,
M— Methods (Estimators)

APPENDIX 2 Appendix 2: Countinued
Replication =High
Summary of the results on the LSD test of the estimated marginal means (o [y
based on criteria whose interaction effects are significant
Replication =High Estim_ated Estim_ated Estim_ated
Bo Bi Marginal Marginal Marginal
o} Methods Means: VBO Means: MBO Means: VB1
Estimated Estimated Estimated 0 OLS 5.140E-02 5.191E-02 5.095E-02
Marginal Marginal Marginal CORC 5.815E-02+ 5.858E-02+ T.530E-02+
p Methods Means: VBO Means: MBO Means: VB1 HILU 3. 834E-02+ > 877E-02+ 7. 546E-02+
ML 5.265E-02 5.299E-02 6. 715E-02+
-0.99 OLS 1.235E-03 1.241E-03 8.223E-03 MLGD 5.272F-02 5.306E-02 6.680F-02+
CORC 1.262E-03 1.267E-03 1.037E-02 025  OLS 4.524E-02 4.579E-02 4.710E-02
HiLu 1.274E-03 1.280E-03 1.046E-02 CORC 5.230E-02+ 5.285E-02+ 6.260E-02+
ML 1.256E-03 1.261E-03 1.001E-02 HILU 5.262E-02+ 5.318E-02+ 6.362E-02+
MLGD 1.256E-03 1.261E-03 9.534E-03 ML 4.673E-02 4.724E-02 5. T49E-02+
-0.75 OLS 2.362E-02 2.386E-02 2.747E-02 MLGD 4.668E-02 4. 720E-02 5.637E-02+
CORC 2.633E-02+ 2.6T4E-02+ 3.388E-02+ 0.5 QLS 3.613E-02 3.663E-02 4.812E-02
HILU 2.645E-02+ 2.686E-02+ 3.382E-02+ CORC 4.221E-02+ 4.263E-02+ 6. 714E-02+
ML 2.442E-02 2.460E-02 3.087E-02 HILU 4.210E-02+ 4.249E-02+ 6.680E-02+
MILGD 2.450F-02 2.470E-02 3.002F-02 ML 3.628E-02 3.670E-02 5.389E-02+
0.5 OLS 3.901E-02 3.946E-02 4.156E-02 MLGD  3.640E-02 3.679E-01 3.419E-02+
CORC 4.262E-02+  4.320B-02+ 5.106E-02+ 075 OLS 2319E-01 2345E-01 3.471E-02
HILU 4. 240E-02+ 4.309E-02+ 5. 120E-02+ CORC 2.628E-02+ 2.652E-02+ 4.105E-02+
ML 3 062F-02 3.003E-02 4.750E-02+ HILU 2.636E-02+ 2.660E-02+ 4.103E-02+
MLGD 3.939F-02 3.9705-02 4 7SAE-00+ ML 2.418E-02 2.435E-02 3.713E-02
. . . MLGD 2.428E-02 2.444E-02 3.761E-02
-0.25 OLS 4.924E-02 4.974E-02 4.909E-02 0.00 OLS L.215E-03 1.218E-03 R 69SE-03
CORC 5.312E-02+ 5.355E-02+ 6.789E-02+ CORC 1.265E-03 1.268F-03 L128E-02
HILU 5.347E-02+ 5.390E-02+ 6.857E-02+ HILU 1.267E-03 1.271E-03 L 163E-02
ML 4.847E-02 4.875E-02 6.055E-02+ ML 1.279E-03 1.282E-03 1.090E-02
MLGD 4.860E-02 4.887E-02 6.063E-02+ MLGD 1.284E-03 1.287E-03 1.146E-02
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Appendix 2: Countinued
Replication =High

B2
Estimated Estimated Estimated
Marginal Marginal Marginal
o} Methods Means: ABR2 Means: VB2 Means:MB2
-0.99 OLS 2.975E-02 1.962E-03 1.963E-03
CORC 3.337E-02 2.077E-03 2.078E-03
HILU 3.323E-02 2.005E-03 2.006E-03
ML 3.170E-02 1.907E-03 1.907E-03
MLGD 3.184E-02 1.964E-03 1.964E-03
0.75 OLS 0.127 2.526E-02 2.635E-02
CORC 0.151+ 3.626E-02+ 3.656E-02+
HILU 0.151+ 3.649E-02+ 3.678E-02+
ML 0.141+ 3.109E-02+ 3.169E-02+
MLGD 0.141+ 3.101E-02+ 3.163E-02+
-0.5 OLS 0.159 3.930E-02 4.202E-02
CORC 0.185+ 5.543E-02+ 5.635E-02+
HILU 0.185+ 5.519E-02+ 5.611E-02+
ML 0.174+ 4.733E-02+ 4.874E-02+
MLGD 0.174+ 4.725E-02+ 4.862E-02+
0.25 OLS 0.178 4.832E-02 5.188E-02
CORC 0.200+ 6.486E-02+ 6.642E-02+
HILU 0.200+ 6.429E-02+ 6.597E-02+
ML 0.185+ 5.460E-02+ 5.658E-02+
MLGD 0.185+ 5.466E-02+ 5.668E-02+
0 OLS 0.189 5.313E-02 5.654E-02
CORC 0.209+ 7.032E-02+ 7.242E-02+
HILU 0.209+ 7.039E-02+ 7.241E-02+
ML 0.202+ 6.165E-02+ 6.447E-02+
MLGD 0.201+ 6.122E-02+ 6.405E-02+
0.25 OLS 0.189 5.306E-02 5.545E-02
CORC 0.210+ 6.930E-02+ 7.203E-02+
HILU 0.212+ 7.062E-02+ 7.338E-02+
ML 0.197+ 6.111E-02+ 6.430E-02+
MLGD 0.195+ 6.093E-02+ 6.408E-02+
0.5 OLS 0.172 4.545E-02 4.661E-02
CORC 0.194+ 6.211E-02+ 6.397E-02+
HILU 0.195+ 6.273E-02+ 6.457E-02+
ML 0.176+ 5.023E-02+ 5.198E-02+
MLGD 0.176+ 4.972E-02+ 5.145E-02+
0.75 OLS 0.131 2.678E-02 2.703E-02
CORC 0.147+ 3.527E-02+ 3.590E-02+
HILU 0.148+ 3.540E-02+ 3.606E-02+
ML 0.134 2.837E-02 2.887E-02
MLGD 0.134 2.825E-02 2.876E-02
0.99 OLS 2.886E-02 1.855E-03 1.870E-03
CORC 3.254E-02 2.005E-03 2.008E-03
HILU 3.227E-02 1.968E-03 1.972E-03
ML 3.086E-02 1.814E-03 1.819E-03
MLGD 3.064E-02 1.859E-03 1.883E-03

+=Esgtimate that is significantly different from the most preferred one at &z =
0.05

CONCLUSION

The performances of both the OLS and some Feasible
GLS estimators considered in this study exlubit no
significant difference when stochastic regressors are
correlated with the error terms at low replication. With
increased replication, the OLS estimator is most efficient
1 estimating all the parameters of the model even though
when |p|~1 all the estimators are equally good.
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