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Abstract: A sinple step-stress accelerated life test plan 1s developed for two parameters Lomax distribution
under type-I censoring. The scale parameter of the lifetime distribution at any constant stress level 1s assumed
to be a log linear function of the stress level. The maximum likelihood function is derived for step-stress
accelerated life testing model with type-I censoring. The Fisher information matrix and the asymptotic variance
are obtamned. The optimum plan 1s proposed by minimizing the asymptotic variance of the maximum likelihood
estimators of the mean life at a specified design stress with respect to stress change time. A numerical study,
is carried out to justify the proposed optimum plan based on the simulated data and the confidence interval of
the model parameters that based on asymptotic normality of the maximum likelihood estimates are also obtained.
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INTRODUCTION

Accelerated Life Testing (ALT) i1s generally
practiced in product life testing and analysis. ALT is
used to shorten the period between product design and
market release time and to improve the product
performance and reliability. Now-a-days, the human made
products/equipments are well designed and highly
sophisticated. The products are computers, washing
machine, refrigerator, electronic camera, cell mobile, etc.
These products/equipments are giving good services to
customers with satisfaction. The researchers are facing
problem in getting real life data of such types of lighly
reliable products for rehiability prediction. It 18 wvery
difficult to obtain a reasonable amount of test data under
normal use condition. Thus, ALT is preferable to get
failure time data more quickly of highly reliable product at
a hgher than usual level of stress (e.g., temperature,
voltage, pressure, vibration, humidity, cycling conditions,
etc.). Failure time data collected from ALT at higher
stresses are then extrapolated to the design stress to
estimates the lifetime distribution.

The problems of desigmng optimum plan and making
mferences have been studied by more than a few
researchers in the field of step-stress ALT was firstly
mtroduced by Wayne (1980) that allow test conditions to
change during testing. In step-stress ALT, a unit is placed
on test at an initial low stress and if the unit does not fail

ina pre-specified time T, stress on it is raised and held for
a specified time. Further, stress is repeatedly increased
until the test unit fails or the censoring time 1s reached. If
there is a single change of stress, the ALT is called a
simple step-stress test.

The cumulative exposure model defined by Nelson
(1990} for sumple step-stress testing with stresses X, and

X, 18
E(t), 0=t
NOELLY F
F(t-t+s), 1<t<w

The cumulative distribution function of the
failure time at stress X,

T = The time to change stress

8 = The solution of F, (t) =F, (s)

(1)

Where:
F (1)

In past few years in the step-stress ALT planning
problems, a general optimization criterion is to minimize
the asymptotic variance of the Maximum Likelihood
Estimate (MLE) of the logarithm of mean life or some
percentile of life at a specified stress level with the
exponential exposure model. Miller and Nelson (1983)
developed two optimum plans, time step test and failure
step test and verified that these both plan having the
same asymptotic variance. Bai ef al. (1989) extended the
Miller and Nelson (1983) research for censored data and
they used the nomographs techniques for obtaining the
optimum times. Khamis and Higgins (1996) derived the
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optimum 3-step SSALT by considering the existence of
quadratic stress-life relation for type-I censored data.
Khamis (1997) generalized the optimum plans for m-step
SSALT design with k stress variables by assuming
complete knowledge of the stress-life relationship with
multiple stress variables. These studies were based on the
assumption that the failure time follows exponential
distribution because of its simplicity. Khamis and Higgms
(1998) proposed an altemative to Weibull step-stress
Model based on time-transformation of the exponential
Model. Alhadeed and Yang (2002) obtained the optimal
design for the simple SSALT wsing the Khamis-Higgins
(K-H) Model. They assumed constant shape parameter
and a log-linear life-stress relationship between the
scale parameter and the stress. Alhadeed and Yang
(2005) derived a sumple SSALT plan for optimal time of
changing stress level using log-normal distribution. Fard
and Li (2009) studied the optimum SSALT design for
reliability prediction using K-H Model for Weibull
distribution. Chandra and Khan (2012) also developed a
new optimum SSALT plan for Rayleigh distribution
using K-H Model. Srivastava and Shukla (2008)
derived optimum simple SSALT plan for log-logistic
distribution with type-I censoring. Ebrahem and Al-Masri
(2007) obtained the optimum times of changing stress
levels under a log-logistic cumulative exposure model.
Hassan and Al-Ghamdi (2009) has developed the optimum
plan for SSALT for Lomax distribution for the complete
samples.

In this study, researchers have developed an
optimum plan for simple step-stress accelerated life test
with a pre-specified censoring time by mimmizing
asymptotic variance of the maximum likelihood estimators
of the model parameters at a design stress.

PROPOSED MODEL AND ASSUMPTIONS

The Lomax distribution is a special case of second
kind of the Pareto distribution, proposed by Lomax (1954).
Tt is a useful model in a wide variety of sociceconomic, as
well as lifetime contexts. Tt has been used in the analysis
of mcome data and business failure data. Also, it has been
used to provide a good model 1 biomedical problems. It
may describe the lifeime of a decreasing failure rate
component and has been recommended by Bryson
(1974), as a heavy tailed alternative to the exponential
distribution. In rehiability theory, it appears as a mixture of
the one parameter exponential distribution.

The probability density function (pdf) of a random
variable that has the Lomax distribution is given by:

-(a+1)
F(t,@,h)—ﬁ{l+éj 10,80 (2

Under any constant stress, the time to failure of
a test unit follow a Lomax distribution with distribution
function:

—
E(t,@,h)—l—{Hetj 20,00 3)

1

In the case, of the simple step-stress Lomax
cumulative exposure model, the cumulative distribution

function 1s:
-
1{1+;J s O0<t<1
F(t)= 1 . S
-1+ 25 5 rcter
92 el
From Eq. 1:

The corresponding pdf of Eq. 4 is given as:

A ¢ —(+1)
e—[lJre—} R O<t<rt
T A )
A t—-1 T e
—| 1+ +— ,0=t<w
0, 9, 9,

The following assumptions are made:

»  Testing is done at stresses X, and X, where X <X,
*  The scale parameter 0, at stress level ,1=0,1,21isa
log-linear function of stress, 1.e.:

log(6,) =P, +B.X; (6)

Where, 3, and P, are unknown parameters depending
on the nature of the product and method of the test.

¢ The lifetimes of test units are independent and
identically distributed

» The test 15 preceded as follows. All n wuts are
mitially placed on low stress X, and run until
time T when the stress is changed to high stress 3,
and the test is continued until all units fail or until a
pre-specified censoring time T,

MAXIMUM LIKELIHOOD ESTIMATION
AND OPTIMUM PLAN

Lett;,i=1,2;7=1,2, 3, ., n, be the observed failure
time of a test unit j under stress level i where n; denotes
the number of units failed at the stress level 1. The
likelihood function 1s given as:
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~h-1 —h-l ~hng
i) t, =) -1 1 T.-t = 7
L{e,0,,M)=T]— 1+ — 1+ — I+ —E—+— ™
(12)1_[9[ eJ He[ 0 eJ { 0 eJ

=1 ¥ 1 =1~z z 1 2 1

Taking the logarithm of the likelithood Eq. 7 then:

ny t
logL(0,.6,,A)=nlog—mn,log6 —n,logh, —(7»+1)Zlog[l+§}—(h+l)
1=1

: (8)
2 t,.—1 -
Zlog{]Jr R TJ Knclog(lJr Te-t, TJ
=1 ez e1 ez e1
Where; n = n,+n,+n.. From the assumption 2, the log-likelihood function becomes:
logL{P, +B,,A)=nlogh—n, (B, + B,X, )—n, (B, + BX, )— An_log {1 +(T,. - 'l:)e_(BWE‘XZ) + re_(%*ﬁlxl)} -
(9)

(2+ 1)ilog(l + tlje_(%*ﬁ‘xl) ) —{(n+ l)ilog{l-s- (tzj - 'c)e_(ﬁ”*B‘XE) + 'ce_(%*ﬁ‘x‘)}

j=1 =1

The maximum likelihood estimates of parameter B, and p, are obtained by solving these two Eq. 10 and 11 as given:

_ ~(Bo+hiEz) -(Bo+hiZ) n ~(Bo+Bi %)
dlogL ~nan, (T.—t)e +1e +(7L+1)Zt1167+
B, {1 +(T, —t)e Forh) 4 ref(ﬁ“ﬁlx‘)} i1 (1 + tljef(ﬁ”ﬁlx‘))
(10)
o 1)%‘ (tz, - T)e’(ﬁn*'ﬁlxz) 4 qe Borbids) .
+ =
) {1 + (t _ T)e‘(ﬁnﬂﬁxz) + Te‘(ﬁnﬂhf’ﬁ)}
aIOgL 3 Xz (TC _ T)e‘(ﬁquBle) + Xlte‘(BquBle) . (7\‘ . 1)% Xlthe’(ﬁwﬁﬁil)
B “ ~\Po+brda ~lPa+Prty A ’70*117
B, {1+(TC—'I:)6 (Fotbis) g BX)} i (1+tlje ® BX)) an
iz XZ (t _ T)e’(ﬁnﬁ%xz) + Xlw’(ﬁwﬁxl) ~
(X, +n,X, )+ (h+ 1);1 T 0
The fisher information matrix 1s obtamed by taking The asymptotic variance of the maximum likelihood

expected values of second and mixed derivatives of  estimate of log of mean life at design stress is then
log-likelihood function with respect to B, and P, is given by:

given as: nAVar(logéU):nAVar(éu +é1XU)

I [-1L)X +1LX
Fen " : (=1 )%+ 1L, £1,+ (1-28)1, 12
A+ )L -I)X +LX, (L -1L)X +1,X oLy,
1 2 2
Where:
L=1- 1 Optimum test plan can be obtamed by mimmizing
1 [h+2) . . . .
| T-t = with respect to the change time T, the asymptotic variance
* 0, * 9T of the maximum likelihood estimator of log mean life at
design stress given in Eq. 12.
CONFIDENCE INTERVAL
L= 1 1 1 T
2= ICE B T ¢ o) * 9_1 For comstruct confidence intervals for model
[1 - e—j {1 + Ce + —j parameters, researchers will use the asymptotic normality
! 2 ! of the maximum likelthood estimates:

&0
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Table 1: Simulated failure time data under step-stress model

Step-stress  Failure times

X, =05 0143, 0.254, 0369, 0449, 1.245 1469, 3.318, 3.746,
4.802, 5.118, 5.392, 5.476, 5.771, 5.777
X, =12 10267, 12.335, 12.355, 14.540, 16219, 17.467, 18.114,

19.482

(8.8.7)0N{(B, B2}

Thus, a (1-¢) 1009 confidence interval for the model
parameter 1s given by:
Estimates+ 7, ,,SE (13

(Estimates)

Where, SE (Standard Error of MLEs) which is the
square root of the diagonal element of inverse of Fisher
information matrix and Z,,. .. is the (1+c/2) percentile of
the standard normal distribution.

NUMERICAL STUDY

In the numerical study, researchers first assumes
the mitial values B, =1, p, =2, A=1.5,X,=02,X, =05,
¥, =12and T, = 20 to calculate optimum value of T using
Mathematica 8.0 Software form Eq. 12. Hence, researchers
obtained T = 5.94. Then, researchers simulated 35 failure
time observations from Lomax cumulative exposure model
given in Eq. 4 which are presented in Table 1 and using
the same set of simulated observations, researchers
estimated the following points.

The MLE’s of the parameters are B, = 1.8674,
B = 06215
The inverse of the observed Fisher information matrix
is:

03651 —0.4018}

~
{0.4018 0.5787

A 95% confidence interval for f, is (0.6831, 3.0517)
A 95% confidence mterval for § is (-0.8695, 2.1125)

CONCLUSION

Accelerated life testing 1s one of the interesting areas
of rehiability studies which help in getting life time data of
reliable products/equipments in short period of time with
reducing the cost and manpower. In ALT, the step stress
scheme 1s most appropriate tool for life testing of lughly
reliable units which allow applymg the amount of stresses
in different steps to induce early failures.

In this study, researchers developed optimum plan
for step stress model under type-l censoring for Lomax

&1

Table 2: Optimum time of stress changing when T = 20, 0; = 29.94,

E=03

A
g, 1 1.5 2 2.5 3
2 1.8892 1.5455 1.2984 1.1137 0.9715
4 3.6367 3.0150 2.5537 2.2021 1.9276
6 51421 4.3201 3.6901 3.1999 2.8109
8 64576 54973 4.7365 4.1304 3.6428
10 7.9471 6.8807 5.9977 5.2719 4.6748
Table 3: Optimum time of changing stress when 8, = 7.38, 8, =29.96,

=03

A

T 1 1.5 2 2.5 3
20 5.6057 4.8288 4.2024 3.6955 3.2818
25 6.1676 5.2120 4.4668 3.8803 3.4125
30 6.6407 5.5173 4.6661 4.0133 3.5022
35 T7.02006 5.7490 4.8119 41053 3.5613
40 7.3308 5.9308 4.9195 4.1705 3.6015
45 7.5734 6.0659 4.9966 4.2154 3.6281

distribution. Researchers, also focus to obtam the
optimum stress changing time when experimenter needs
to change the steps, 1.e., from step one to two. The pattern
of stress changing times from one to another are
presented for the varied values of 0, with A, as well as
possible variation in censoring time T, with A are given in
Table 2 and 3, respectively. It observed that from Table 2
and 3, researchers can conclude that the stress changing
time of life testing umts are reduces either mcreases
stress (X,) or censoring time (T, with the possible
increase m shape parameter of the model This 1s
justifying that SSALT is recommended of high reliability
products/equipments because no longer wait in life tests
of such units.

RECOMMENDATIONS

In further research, researchers may use >2 stress
levels, for example a three step stress model and obtain
the optimum times of changing stress levels. Researchers
may allow progressive type I or Il censored data. Also,
researchers may obtain different types of interval
estimation for example large sample confidence intervals,
bootstrap confidence mtervals and compare them m terms
of their lengths and coverage probabilities.

NOMENCLATURE

¥y = Stresses (design, low and high)

Extrapolation amount where, £ = (X,-X)/(X;- X))
Number of test units

Number of failed units at stress X;, i=0,1,2
Number of censored units

Failure time of test unit j at stress X, i=1, 2, j=
Mean life at X, i=0,1, 2

Stress changing p oint

Optimum time of changing stress

Censoring time

LR

1,2,...

=y

=

*

—



J. Modern Mathe. Stat., 7 (5-6): 58-62, 2013

F, (t) = cdf of Lomax distribution with mean 8;,i=1, 2
F () = cdf of atest unit under step-stress
A = Shape parameter
Bpy = Parameters of log-linear relationship between stress X; and mean
life 3
REFERENCES

Alhadeed, A.A. and S.5. Yang, 2002. Optunal simple
step-stress plan for khamis-higgins model. IEEE
Trans. Reliab., 51: 212-215.

Alhadeed, A.A. and S.5. Yang, 2005. Optimal simple
step-stress plan for cumulative exposure model using
log-normal distribution. IEEE Trans. Reliab., 54: 64-68.

Bai, D.S., M.S. Kim and S.H. Lee, 1989. Optimum simple
step-stress accelerated life tests with censoring. IEEE
Trans Reliab., 38: 528-532.

Bryson, M.C., 1974. Heavy-tailed distributions: Properties
and tests. Techmmetrics, 16: 61-68.

Chandra, N. and M.A. Khan, 2012. A New Optiunum Test
Plan for Simple Step-Stress Accelerated Life Testing.
In: Applications of Reliability Theory and Survival
Analysis, Chandra, N. and G. Gopal (Eds.). Bonfring
Publication, Coimbatore, India, pp: 57-65.

Ebrahem, M.AH. and A.Q. Al-Masri, 2007. Optimum
simple step-stress plan for log-logistic cumulative
exposure model. METRON-Int. I. Stat., 56: 23-34.

Fard, N. and C. Li, 2009. Optimal simple step stress
accelerated life test design for J. Stat. Plan. Infer.,
139: 1799-1808.

62

Hassan, A.S. and A.S. Al-Ghamdi, 2009. Optimum step
stress accelerated life testing for lomax distribution.
I. Applied Sci. Res., 5: 2153-2164.

Khamis, T.H. and I.J. Higgins, 1996. Optimum 3-step
step-stress tests. IEEE Trans. Reliab., 45: 341-345.

Khamis, T.H., 1997. Optimum M-step, step-stress design
with K stress vamables. Commun. Stat. Simul.
Comput., 26: 1301-1313.

Khamis, T.H. and I.]. Higgins, 1998. An alternative to the
Weibull step-stress model. Int. J. Qual. Reliab.
Manag., 16: 158-165.

Lomax, K.S., 1954, Business failures: Another example
of the analysis of failure data. I. Am. Statist. Assoc.,
49: 847-852.

Miller, R. and W. Nelson, 1983. Optinum simple
step-stress plans for accelerated life testing. TEEE
Trans. Reliab., 32: 59-65.

Nelson, W., 1990. Accelerated Testing: Statistical Models,
Test Plans and Data Analysis. Wiley, New York,
USA.

Srivastava, P.W. and R. Shukla, 2008 Optimum
log-logistic step-stress model with censoring. Int. J.
Qual. Relability Manag., 25: 968-976.

Wayne, N., 1980. Accelerated life testing-step-stress
models and data analyses. TEEE Trans. Reliab.,
29:103-108.



