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Abstract: This study is concerned with the estimate of second Hankel determinant for the classes of
analytic-umivalent functions with respect to conjugate pomnts and with respect to symmetric conjugate points
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Let, A be the class of analytic functions of the form:
f(z)=z+> az" (1)

in the unit disc E:{z:|z|<1 ~ Let, S be the class of
functions f (z)eA and univalent in E. Sakaguchi (1959)
mtroduced the class 8 consisting of functions of Eq. 1
and satisfying the condition:

Re{%} =0,zeE

The functions of the class s are called starlike
functions with respect to symmetric points. Das and
Singh (1977) defined the class K consisting of functions
of Eq. 1 and satisfying the condition:

re) 2 ()]

(f(z)-f(-2))

=0,zcE

The functions of the class K, are known as convex
functions with respect to symmetric points. Motivated
from the research (Sakaguchi, 1959; Das and Singh, 1977)
defined the following classes (El-Ashwah and Thomas,
1987):

27f"( z)

=0,ze E (2)
f(z)+f[-7)

S, =1f(z)e A:Re

f(z)- f(—z)

Functions in the classes s, are called starlike
functions with respect to conjugate points and that in the
class are known as starlike functions with respect to
symmetric conjugate points.

Again Janteng et al (2006a, b) mtroduced the
following classes:

=0zeE (5)

Functions of the class K, are convex functions with
respect to conjugate points and that in the class K, are
called convex finctions with respect to symmetric
conjugate points.

Obviously, the functions in these classes are
univalent. Various subclasses of analytic functions with
respect to conjugate points and with respect to symmetric
conjugate points were widely investigated by wvarious
researchers including Dahar and JTanteng (2009), Selvaraj
and Vasanthi (2011), Ravichandran (2004) and Tang and
Deng (2013). Noonan and Thomas (1976) stated the ¢th
Hankel determmant for q>1 and n>1 as:
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H, ()=
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This determinant has also been considered by
several researchers. For example, Noor (1983) determined
the rate of growth of H, (n) as I = « for functions given
by Egq 1 with bounded boundary. Ehrenborg (2000)
studied the Hankel determinant of exponential
polynomials. Also, Hankel determinant was studied by
various researchers mcluding Hayman (1958) and
Pommerenke. Tanteng et al. (2006a, b, 2007) studied the
Hankel determinant for the classes of starlike functions,
convex functions, starlike functions with respect to
symmetric points, convex functions with respect to
symmetric points. Recently, Singh (2013) established the
hankel determinant for various subclasses of analytic
functions with respect to symmetric points.

Easily, one can observe that the Fekete and Szego
functional is H, (1). Fekete and Szego, then further
generalised the estimate |a’-pa,’| where u is real and feS.
For the discussion in this study, researchers consider the
Hankel determinant in the case of =2 andn=2:

In this study, researchers established the sharp
upper bound of the functional |a, a,-a,’| for functions
belonging classes 5., 8., , K and K_.

PRELIMINARY RESULTS

Let, P be the family of all fimctions p analytic in E for
which Re (p(z))=0 and:

p(z)=1+pz+p,z+... forzeE (6)
Lemma 1: [fpe P, then |p,| <2(k=1,2,3,..).
Lemma 2: If peP, then:

2p, =p; +(4-p} Jx,4p, =p; + 2p, (4} Jx -

P (4—pf)x2 + 2(4—p12)(1— ‘X‘Z)Z

For some x and z satisfying |x|<1 and pe[0, 2]
(Libera and Zlotkiewiez, 1982,1983).

RESULTS

Theorem 1: If fc s | then:

‘azadlfa?‘ﬁl (N

Proof: As, fes. so from Eq. 2:

227{z)
—————=p(z) (8)
f(z)+ f(z) F

On equating coefficients of z 2’ and z' in the
expansion of Hq. 8, researchers obtain:

2
a; =p-a5= p72+p71
2 2 )
0,05 PP, P
3 2 6
Equation 9 yields:

1
a,a, —a; E{4p1p3 -pi - 3p§} (10)

Using Lemma 1 and 2 in Eq. 10, researchers obtain:

_i—?apjl +2pf(4—pf)x—[12+pﬂ
48|(4-pl)x’ +8p1(4—pf)(1—|x\2)z

2 47a3‘

Assume that p;, = p and pe[0, 2], using triangular
inequality and | z| <1, researchers have:

1 I3p'+ 2p2(47 p2)|x|+[p2 +12J

(o sl ) )

2
‘aza4 —33‘

Or,

: 1 3p4+8p(4—p2)+2p2(4—p2] 1

- F ()

- 2 -
e aj‘g48 5+[p*-8p+12](4-p)s’ 48

Where:
8=x=<1
And:
F(8)=3p*+8p(4-p’)+2p°(4-p)
3+[p’-8p+12)(4-p*)&

is an increasing function. Therefore:

MaxF(8) = F(1)= 48
Hence:

2
‘3234 —aj‘sl

The result 1s sharp for:



J. Modern Mathe. Stat., 7 (4): 37-40, 2013

And:

On the same lines, researchers can easily prove the
following theorem.

Theorem 2: If feK,, then:

2
‘aza4 —a3‘s

o —

The result 1s sharp forp, =1, p, = -1 and p; = -2.

Theorem 3: If fc s, | then:

‘azaélfa;‘gl (1)

Proof: As fe s, | so from Eq. 3:
) (12)

f(z)- f(fz)

On equating coefficients of z Z and z in the
expansion of Eq. 12, researchers obtain:

5 5
a,=—,a,=—
2 2 (13)
WP PR
4 8
Equation 13 yields:

(14)

1_
3234 — a3

1
=g 12PiPs PP, — 4P

Using Lemma 1 and 2 n Eq. 14, researchers obtain:

| |- | Fpi(4-pf)x=[8-p] |(4-pi)
a,d, —a, 7§X2+2p1(4—pf)(1—‘x‘2)2

Assume that p,= p and pe[0, 2], using triangular
mequality and |z| <1, researchers have:

39

1 2p(47p2)+p2(47p2)6+ 1

2
‘aafa‘< =—
24 3
3z

32 [—pz —2p+8}(4—p2)62

(F3)

Where:
5=|x|=1
And:
F(8)= 2p(4—p2)+p2(4—p2)5+
[7p2 - 2p+8}(47p2)62

1s an ncreasing function. Therefore:

MaxF({3)=F(1)
Consequently:

< LG (15)

z
‘aafa‘
2ty — 85
32

Where:

So:

G(p)=-8p°+32
And:

Max G(p)=G(0)

Hence from Eq. 15, researchers obtain Eq. 11. The
result is sharp for p, = 0, p, = 2 and p; = 0. Using the
above technique, the proof of the following theorem is
obvious.

Theorem 4: If feK,, then:

z
‘aza4 —aa‘s

O | =

The result 1s sharp forp, = 0, p, =2 and p, = 0.
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